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This solution can be represented by a series in powers of ¢'/ converging uniformly and
absolutely for small | €| < &,.

The proof of these theorems is not included here, It is only noted that the procedure
is similar to that used in [6, 7].

The above theorems imply that the series for @ (0, €) and t (0, €) converge uni-
formly and absolutely, Convergence of the series in powers of £ and e'/* (in the case of
v = v,) for integrand functions in (1.4) follows from the general theorems of analysis
on substitution of one series into the other, The general theorems of analysis also yield
the proof of convergence of the series (4. 1), (4.2) and (4. 3).
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METHODS OF MECHANICS OF A CONTINUOUS MEDIUM FOR
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The principal assumptions in the construction of a general muitivelocity model of a
continuous multiphase medium are examined and the fundamental equations (for mass,
momentum and energy) of mechanics are obtained for each phase in the heterogeneous
mixture, On the basis of these equations a closed system is proposed which describes the
motion of a dispersed mixture of two compressible phases in the presence of phase chan-
ges, Energy transitions in phase transformations are analyzed, The fundamental relation-
ships on the surface of the discontinuity are derived. Proceeding from the assumption of
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additivity of the internal energy of the mixture according to masses of components and
from the assumption of local equilibrium within the limits of a phase, thermodynamic
questions of a heterogeneous mixture are analyzed, In particular, an explicit expression
is obtained for the dissipation function,

The basic ideas of utilizing interpenetrating multivelocity continua in the mechanics
of mixtures were worked out in [1] and [2]. Questions of derivation of corresponding
equations by means of averaging methods were examined in[3],where the earlier litera-
ture is also mentioned, It should be noted that some equations of multivelocity continua
were also contained in [4, 5].

It is necessary [6] to distinguish homogeneous or multicomponent (*) mixtures (solu-
tions, alloys, mixture of gases) from heterogeneous or multiphase mixtures (emulsions,
suspensions, gaseous suspensions, soil saturated with water, mixtures of powders, etc, ). In
the homogeneous mixture each constituent (Component) can be considered as occupying
the entire volume of the mixture

Vi=Vy= .=V =1V
while each constituent (phase) in the heterogeneous mixture occupies only part of the

volume of the mixture, so that
Vit Vet oo+ V=V

A neglect of this situation and also the introduction of a temperature concept of the
mixture in the case where the temperatures of the constituents are not equal, lead the
authors of [7— 9] to formal theories which are not supported by physical reality, at least
in the case of heterogeneous media [10],

The results obtained in this work are generalizations of [11] and [12], where an analog-
ous mixture was examined, however, for the case where one of the phases is incompres-
sible (in [11] in the absence of phase transitions), As an example for the case where it
is necessary to take into account the compressibility of both phases, we point out the flow
of dispersed vapor-liquid mixtures at pressures and temperatures close to the critical
values, Another area of application of results presented, is the investigation of propaga-
tion of strong shock waves in condensed heterogeneous mixtures,

We note the work [13] where a model of two compressible phases with application to
water saturated soil but in the absence of phase transitions was examined, We also note
the work {14] where a single-velocity formulation was used and where equations of mo-
tion were obtained which are applicable to a two-phase solid body taking into consides-
ation phase transitions,

1, Fundamental assumptions, The motion of the multiphase mixture will
be examined under the following fundamental assumption, The distances over which
the flow parameters change substantially (outside the surface of discontinuity) are much
greater than the characteristic dimensions of inhomogeneities or inclusions, This per-
mits to describe the multiphase mixture, just as the homogeneous mixture, in the form
of a sum total m(with respect to the number of phases) of continua which occupy one
and the same volume, Then at each point of the volume which is occupied by the mix-
ture we can introduce average densities 0, ..., Pp, characterizing the mass of the phase

*) Unfortunately, the term "multicomponent mixture"” is sometimes used for heteroge-
neous (multiphase) mixtures,
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in the unit volume of the mixture, We can introduce velocities vy, ..., V,, etc,, and
also write the conservation equations for mass, momentum, and energy for each compo-
nent, These equations will contain terms which characterize the interaction (due to mass,
force, and energy) between the components, Further the theories of homogeneous and
heterogeneous mixtures take separate approaches, The latter utilizes quantities which
characterize the parts of the volume of the mixture o; (i = 1, ..., m) which are

occupied by each phase Iy | (; > 0) 1.0

In this manner, in addition to the average densities p;, the true densities of matter in

phases ;°(mass of ith phase per unit volume of ith phase) are determined
p° =pi/ (1.2)

The mechanics of heterogeneous media must take into account the fact that the com-
porents in the mixture are present in the form of macroscopic (with respect to molecular
dimensions) inclusions or a medium which surrounds these inclusions so that many mech-
anical and thermodynamic properties of the ith phase (i =1,..., m) do not depend
directly on the presence of other phases, However, the deformation of each phase which
determines the state and the reaction forces of the phase is determined not only by the
displacement of the external boundaries (the velocity field v;) of the phase, but also by
the displacement of interphase surfaces within the selected volume,

In the general case it is necessary for each component to examine not only the exter-
nal tensor of deformation velocities

4 63).3\! 33;.5
L1 i i
e = (——fax ”““"""a&) (1.3)

but also an- entire set {(m — 1 for each phase) of certain tensors (§;;%,J = 1, ..., m,
j == i) which take into account the displacement of matter of the ith phase on the
surfaces of phase separation so that the true velocity of phase deformation is deter-
mined by the tensor m
eiokl —_ (,’ikl + 2 6';3'“ (14)
J=1,5a4i

The determination of tensors ;; is each time connected with the application of con-
ditions of simultaneous motion and deformation of phases, and with conditions which
take into account the structure of components (the shape and the size of inclusions, their
distribution, etc, ), In those cases where the effects of strength do not have any signifi-
cance {gaseous suspensions, liquid with bubbles or particles, solid bodies under conditions
of very high pressures), the conditions of simultaneous motion are substantially simpler
than in the general case, In essence, they reduce to giving equations which determine
the volume content of phases ¢;, We note that the most commonly encountered equa-~
tion of this type is the equation of pressure equality of phases,

2, Integral equations, Let usexamine a volume ¥V which is fixed in some
inertial system of coordinates and bounded by the surface S. The equations for conser-
vation of mass for the first and second phases inside the volume V have the form

%f—?dv = — g pyrdS - &‘ (Juy— Ji)dV, p1= 010 2.1
b} ¥

dt'f I e—— S pﬂ:de '{" § (Jl‘l — J:})dIY, p: p— p.f’oﬁz 53(1 “l" ‘JE =i 1
S A
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Here J,,and J,, are "observable” macroscopic velocities of phase transformation
each of which is nonnegative ao that J;; gives only the rate of formation (in the oppo-
site case J;; = () of the ] th phase at the expense of the ith phase per unit volume
and time, This means that, by convention, phase transitions are broken up into two reac-
tions (each of which from the kinetic view point has a forward and reverse reaction),
This is related to the fact that the two possible resulting directions of phase transforma-
tions 1 — 2 and 2 — 1 lead to different changes in momentum and energy of the
individual phase, These changes cannot be taken into account through a change in sign
of the reaction rate (which is sufficient when the equations of momentum and energy are
written for the entire mixture (see below) ). Combining the integral equations (2.1), we
have the equation of conservation of mass of the entire mixture

§( T BV = *S. (01" + pa2a”) S (2.2)

The equations of conservation of momentum of each phase separately have the fol-
lowing form:

a n n
o torv)dV =—1 pviy"as+ § 0,7a8 +
\'4 S

S

+ 3 radV + S (Jo1Var — J1aVie) AV - Q p.F.dV

m%S+§%WS—Squ+ (2.3)

v

S ]%‘(szz av =
v

U)t/}

S (J12Vie — Jo1va)dV + S p.FadV

Here Try; is the volume force related to the unit volume of the mixture and resulting
from the interaction between phases within the volume ¥V due to forces of friction, pres-
sure, coupling between phases, the effect of associated mass, etc, The fourth terms in
the right sides of (2, 3) represent the change of momentum of the corresponding phase
as a result of phase transformations, For example, the fransition 2 — {1 results in the
momentum J,,Vy; transferring from the second phase into the first phase, The transi-
tion 1 — 2 corresponds to the transfer of momentum J,,v,, from the first phase to the
second phase, This means that V;, and v, are velocities of masses which suffer phase
transitions corresponding to 1 — 2 and 2 — 1. Furthermore, F;and Fjare external
mass forces which act on the first and second phases, The second terms in the right
sides of (2, 3) are connected with the interaction of the medium, which is external with
respect to the surface §, with the corresponding phase, This interaction is characterized
by the tensors of surface forces g;%! (i = 1, 2) which can be represented as

ol = ;0% + a0t (2.4)
here g; " is the actual stress tensor connected with the action of surface forces on the
ith phase from the same tth phase on the external boundaries of the selected volume
of the mixture, The tensor g;** is connected with interphase surface forces acting on
the ith phase from the jth phase on the same external boundaries,

Combining Egs. (2. 3), we have the equation of conservation of momentum for the
entire mixture

°kl
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e (P1vi+ pavo)dV = — S (ovita" + P2Vae") dS +
S
+§ @ ey as -\ (F 4 eF) dV (2.5)
vV

S

A

The energy of the mixture is composed of the internal and kinetic energies of the
components, In this connection we will consider each phase as locally homogeneous,
That is, in each elementary volume of the mixture the substance of each phase which
also contains the inclusions (drops, particles, bubbles, etc, ) is taken as homogeneous
throughout to the very interface of phases, For this reason the energy of each component
is considered proportional to its mass. This is equivalent to the statement that singular~
ities of the surface layer of material which forms the boundaries of phase separation
and which has a thickness of the order of the radius of molecular interactions (~107" m),
are not taken into account further,

For this it is necessary that the dimensions of the inclusions be many times greater
than the thickness of this layer, Furthermore, only that part of kinetic energy will
be taken into account which is connected with the macroscopic motion of phases with
velocities v;. In fact there are also small-scale flows (with characteristic linear dimen-
sions which have the same order of magnitude as the inhomogeneities of the mixture,
Examples of such flows are pulsating motions around bubbles, reverse flows carrying the
fluids near the inclusions), In the existing theories of interpenetrating motion the kine-~
tic energy of such flows is not taken into account, In this manner the case is examined
where with homogeneous representation of the energy of phases, the energy of the mix-
ture is additive with respect to the mass of phases, A separate paper by the author will
be devoted to the problem of consideration of surface effects within the framework of
concepts of Gibbs in the fluid mechanics of a mixture, In this paper the kinetic energy
of the small-scale motion of phases will also be considered.

Let us now write the energy equations separately for the first and second phases within

the volume V o
(2.6)

Sa—(’[[pl(ul+ %)]d - Spl(111+7>271"dS+S('1"dS — qmds +
v 5 S S
+$/ rx" “xl‘Q 1+ W }—J01<u21 ‘%)“‘lv(lﬂz—f )JdV

+ [
{ = [p;, (wz +- ‘Lﬂ av = —p, <u2 + L) vdS 4\ €48 ~( gnas +
S S

Y S
+§p (Fove + Qo) dV — §[921+w01% J21(u91+‘j‘2)—J12/u1, 4

Here u; is the internal energy of the ith phase, The second and third terms in the
right sides of (2.6) correspond to the work of external surface forces acting on the ith
phase on the surface §, characterized by vectors C;, and to the influx of heat from out-
side to-the ith phase through the surface §. The influx of heat is characterized by
vectors q;. The fourth terms represent the work of external mass forces and also the
strength of external heat sources located inside the volume V. The last terms in the
right side describe the energy exchange related to the unit volume of mixture and unit
time within the volume V between the first and second phases due to heat exchange
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{g51), the work of interaction forces (forces of friction, pressure, cohesion, etc, ) between
phases (wq;) , and phase transitions, The transition 2 — 1 leads to the situation where
the energy of the first phase increases by the quantity J, (u,,+ '/ vy?®) at the expense
of the second phase. The transition 1 — 2 leads to the situation where the energy of
the second phase increases by the quantity Jis (u12 -+ Y2v12%) at the expense of the first
phase, Thatis, uie and ugy are internal energies of masses which transfer from state 1
into state 2 and from state 2 to state 1,

Combining Egs, (2.6), we obtain the energy conservation equation of the mixture inside
the volume V. This energy can change only as a result of the action of external sources

/

{ L rg
\ N i{n\a1+‘"t;~; +p,<ua = ]?}dV ==
e ;

0;» 3 / Dot )
frey S I p; 1751 —T— ; + pa \IU + 2 /} Z)zﬂ {15 S {{/‘1“ *{‘ Czﬂ) dS —
S s
—S (' A+ g2y dS - \ [Pr (Fivi -+ Q1) 4 p2 (Fova 4 Q2)]d )]
i V

3, Differential equations, Utilizing the formula of Gauss~Ostrogradskii in
the integral equations and introducing the operator of substantive derivative for each
phase (here and subsequently summation is performed only over the superscripts which
are related to projections on coordinate axes)

di a : . — ¢ ' k dJ —_— é i ~‘.H fii {d.i)

@ = TNVE g TR gE =g A

we obtain the differential equations of conservation of mass, momentum and energy of
each phase for continuous motion

a ¢
*5}' + vV =Jip—Jy (3.2)

Py =V Py - 5 (Vi — V) = i (Vi — va) + i

d; | vt , . . ( vj;2 — v
i 'Zi-,"‘ (U-«; -+ ‘17) = g0 4 g5 -+ wy - g “+ —1——9*”) -

— i s — vt L) — was s (Favi o+ 0)
i 7=1,0 iy

We note that equations of conservation of moments of momentum in the case of
ahsence of internal moments in each phase and in the absence of distributed couples in
the mass and on the surface lead to symmetry of tensors 0;*' in analogy to the classical
case,

From (2.2),(2.5) and (2.7) in analogy to (3, 2), or combining the corresponding equa-
tions of (3, 2), we can obtain equations for conservation of mass, momentum and energy

f th i d .
ol the mixture 5 (91 -+ pz) ‘g (pl v+ p2\‘2) =0 (33)

d dvs ; N 0 )
£ % -+ P2 (;5 = Vh (‘31! T O'ek) + (V2 — o) (vi — ¥2) + 01F1 + 0.

ry? dy 22 ; )
1551 ""{liﬂ + } + D2 ‘C}}‘{“‘: + v_:_} =y (€ +Cy) + (Jpp =) X
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X (ul — Uy -+ 131_2':22‘2) ~ V(@ + q) + 01 (F1va + Q1) + 02 (Fave + Q)

From a comparison of (3,2) and (3, 3) it is evident that in the directional relationship
(2 — 1 or 1 — 2) of the resulting phase transformation in a given point, the force and
energy interaction on an individual phase cannot be taken into account by a change in
the sign of the reaction rate, because in the general case v, 5= Vg, Uy, == u,, and
the effects in the right sides of Eqs, (3. 2), which depend on J,, and J,; are ditterent,
At the same time for the entire mixture the force and energy effects can be taken into
account through a change in sign in the rate of transition because this effect enters into
Eq. (3. 3) through the difference J;5 — Jy;.

From the second relationship (3.2) we find the equation of kinetic energy for an indi-

vidual phase (3_4)
d; fv? y P 2 .
0igr (%) = Viv"0i* - 1V T (vivi — o®) — Ty (Vv — 00) + oiFavs

the equation for the kinetic energy of the mixture

di [r1® ds [va? ) c & i .
0 —d‘l{ <IT‘) +py — ({T) =0,v"0," + 0,70,  + 1 (Vo — Vi) +

dt
+ (J12— Ja1) vl‘lz'z_—v‘i T3 (V1 — Vo) (Var— Ya (Vi - V3)) —
— Jia (Vi — Vo) (Ve — YoV va)) + 01 F vy + poFav, (3.9)

and the equation for the internal energy of the individual phase
0i dz:i = yCi — ViV e;* +wj —rivi + @i+ T (G — w) — Jij (i — w) +
+ Yo 5 (Vi —= V)T = o Tiy (Vi — v — va@ + Qs (3.6)

This equation is obtained from formally balanced relationships and its direct applica-
tion to a concrete case is connected with considerable difficulties, In the absence of
phase transitions the application to a concrete case was carried out in [13] with the help
of some additional considerations, It will be shown below that in the general case it is
better and clearer to proceed from the analogous relationship in the form of the equation
of heat influx of the ith phase

P '%ut—i =04 — 5% i — Ji3%0 45 + ¢ — v+ 0,04 (3.7)
Here A ; represents the work of internal forces [15] in the unit mass of the ith phase
per unit of time, The remaining terms represent the influx of heat, Here z; ;; and Z;,;;
are the heat fluxes from the {th phase to the material which undergoes the transforma-
tion j — i and i — j,respectively, The heat fluxes are referred to the masses which
undergo these transitions,

4, Evaluation of mechanical and thermodynamic properties of
phases, Concrete application of the model to a two-phase continuous medium natu-
rally requires the evaluation of mechanical and thermodynamic properties of the phases.
Taking into account the material presented in Sect, 1, it will be assumed that the pro-
perties of each phase in the mixture are determined by the same relationships which
apply assuming that this phase occupies the entire volume under the same conditions,

In this connection the deformation enters into these relationships through the actual
tensor of deformation or through the actual velocities of deformation, That is, knowing
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the properties of each phase, we have the equation for the actual stress tensor
mn it ? {(4.1)

,)::\l — sz (&im”* e;
This tensor enters into the expression of the general tensor of surface forces of the ith
phase (2.4). Here X% ..., x;" are physical-chemical parameters of the i th phase.

Further we adopt the hypothesis of local equilibrium within the boundaries of the
phase, This makes it possible for each phase to introduce its own temperature (7. ...,
Ty} and other thermodynamic functions(encropy, enthalpy, internal energy and others)
corresponding to the substance of the phase at its temperature 7, deformation ¢ * and
other physical-chemical parameters, For example

— okt 4 N 2
U == U (S‘i » 7i» wl» LEER) /:iT)) (4‘)

The second law of thermodynamics for the ith phase in this case has the form
Tidis; = dig{) + digy’,  digi’ >0 (4.3)

where s; is the specific entropy of the ¢ th phase, d,q" is the external influx of heat
and d;g;" is the so-called uncompensated heat, all taken per unit mass of the ith phase,
In this case d;q;" is determined by the properties of the ith phase only,

In this manner the problem of multiphase motion in the case where the physical and
mechanical properties of each phase are known, is reduced to the development of con-
ditions for simultaneous motion and deformation, i, e, to the determination of 6;Jl and
other terms characterizing the interaction of phases

%
(Oij ijit i

Tij o Wi Vi Vi Rig Wiy Q5T 4 05— W)

6, Dispersed mixtures of two compressible phases, letusexamine
a heterogeneous medium consisting of a mixture of two compressible fluids in each of
which effects of strength are not present, The second phase is present in the form of
separate inclusions of uniform size (particles, drops, bubbles), Direct interactions (for
example collisions) between these can be neglected. The first phase is the supporting
medium which is described through the model of a viscous fluid, In this case it can usu-

ally be assumed that PP —— pl(s;;z R g, = 5.1)

where 8% is the Kronecker symbol, py is the pressure and T;* is the viscosity tensor of
the first phase, For this tensor the Navier-Stokes relationship determined by the external
tensor of deformation velocities (1, 3) is assumed

T = AV, A 2 *e, M (5.2)

The effect of displacements on interphase boundaries, on which the actual velocity of
deformation of the first phase (1. 4) also depends, is taken into account through correc~
tions (of the Einstein type) in the coefficients of viscosity A,* and 1y} These corrections
take into account not only the properties of the supporting medium, but also the proper~
ties of inclusions [16], In concentrated suspensionsitis sometimes necessary to examine
also the nonzero (because of random motion of particles) values [17, 18] of the stress
tensor oyhl.

In analogy to (5,1) and (5. 2) it is possible in the absence of radiant heat transfer to
take the heat transfer relationship within the supporting phase in the form )

qy = — kYT, g, ~ U (5-3)

Taking into account the hypothesis of local equilibrium within the boundaries of the
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phase (Sect,4) and assuming that the phases represent two-parameter media [15],1i. e,
the thermodynamic functions of each medium depend only on two thermodynamic para-~
meters of state (for example, on the actual density p;° and temperature T; or the pres-
sure p;and the temperature 1';), we have
& e}
wp = w; (0,70, pi=pip:is To)y  si=s:(0:" To) (5.4)
In this case the Gibbs relationship is valid
dis; du; d; 1 -
P L ek R B B ;. 5.5
LTS ) bi at oy (i 1.2) ( )
For many problems where the characteristic time of the macroscopic process under
examination is much greater than the characteristic time of establishment of interphase
pressure equilibrium, we can (when the effects of surface tension are small (Sect, 2))
take advantage of the “"single pressure” model, i, e,
o o . 56
pi(e1’s T1) = P2 Py’ To) = p (0.6)
In this case this represents the condition for simultaneous deformation of phases, This
condition controls the volume sizes of phases, In many cases we can use as such a con-
dition the incompressibility of one of the phases, In the case of nonequilibrium with
respect to pressure between the phases, it is necessary to specify the kinetic equation
which relates py and p, (of the type of the equation of Lamb for a bubble) and to take
into account in this connection the kinetic energy of pulsating motion of phases, This
energy is converted into compression energy and back, The process can be accompanied
by dissipation because of viscosity,
The force of interaction hetween the supporting medium and the inclusions is repre-
ted in — 3 5
sented in the form Ty = — 0,y p; + 112 (5.7)

Here the first term is related to interactions of the pressure field with the inclusions
(Archimedes force), The second term is related to velocity nonequilibrium between
phases (difference between v, and v,) which in turn in this case is due to three effects

fl‘z = ff + fm + fr (58)

Here f; , the friction force (Stokes force), which is due to viscous forces in the inter-
action between phases, is determined by the difference in velocities (slip) v, —v,, the
size, the quantity and the shape of inclusions, and also the physical properties of phases,
Further f,, is the force connected with the influence "of associated masses” and arising
because of accelerated motion of the inclusion with respect to the supporting phase when
disturbances arise in the latter over distances of the order of dimensions of the inclusions,
It is these small-scale disturbances which result in an additional pressure fo' ze which is
not taken into account by the term —a,yp,. Finally, f. is the force of adu tional influ~
ence on the inclusions because of gradients in the average velocity field ¢~ e support-
ing phase (Magnus or Zhukovskii force), For the forces indicated in (5,86) ..e following
relationships can be written:

fr=p® K(vi—v2), K=K(, |vi—vVel, p, tl, a,. )
f,, = azpr®y’ % (vi — vo), f, = azp1®y” (vi — ve) X rot vy (5.9)

The influence of particle shape, their interaction and other refinements in the expres-
sions of forces fy. f,, f, can be taken into account in the coefficients X, x’ and x'’.

The intensity of phase interaction strongly depends on the characteristic dimension
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of inclusions a and their number n in the unit volume of mixture, so that
oy = Mna’ (5.10)

Here m is a nondimensional coefficient which is determined by the shape of the par~

ticles (y = 4n / 3 for spherical particles of radius a). The quantity » can change due
to convection and also as a result of the processes of fracture, agglomeration and forma-
tion of new particles, This is characterized by the quantity ¢ in the equation for the
number of particles on

parti __aT+V(nv2) :.:w (5.11)
In the absence of fracture, agglomeration and formation of new particles ($ = 0) and
under the condition of incompressibility of the mass of inclusions (p,° = const), Eq,(5,11)

is a consequence of the equation for the mass of the second phase for the condition
a = const.

8, Energy transitions {n phase transformations, In order to represent
more concretely the exchange of energy between phases because of phase transformations,
let us examine the elementary volume dV = dV; + dV, of the medium at rest
(Fig. 1) in the vicinity of the interphase boundary I at the instants ¢ and ¢ +— d¢ when
the boundary X is displaced to the position X as a result of the transition 2 — 1. In
this process the mass of the second phase

T,dV dt (JndV dt<< pdV, = pidV)
which is located at the instant ¢ between the sur-
faces X and X,, moves (expands) to the position
between the surfaces £’ and X,.

For simplicity we will not examine the interaction
between the selected volume dV and the external
medium, It will also be assumed that the phases are
homogeneous throughout to the very interphase bound~

Fig, 1 ary.
Taking into accunt (5, 4), we write the equations
of heat influx for three fixed masses:
1) Mass of material which at the instant ¢ was in the form of the first phase (above
the surface 2) ,
2) Mass of material which at the instant ¢ -+ d¢ was in the form of the second
phase (under the surface 3’),
3) Mass of material which has undergone the transition 2 — 1 (at the instant ¢
it occupied the volume between 3 and 3,).
Then we have
p18Vdu, = qdt — J,,dV dt 7y, + Jo dV dt %, pAY
(02 AV — Jy AV dt) du, = qyp dt — JdVdt z,5, + J5dV dt %,pAS
JordV dt (uy + duy — uy) = Joy AV dt (24,01 + Zo,01) — Jo AV dt pAD
(kg + %o = 1, A8 = 1 /p,° — 1/ py) (6.1)

Here the last terms correspond to the work of internal forces during the change in
volume, With accuracy to small terms of higher order we obtain from (6. 1)
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P1dU; = qudt — Jo1Zy dt + Joyn, pAY
Poduy = — qudt — J 3Ty 1At + J 1%, pAD (6.2)
Uy — Uy = Ty, + Ta;1 — PAY
Analogous relationships can be obtained if the transition 1 — 2 is examined, Intro-
ducing enthalpies of phases i; = u; -+ p;/p;°, it follows from the last equation of

(6.2) Xy,21 + 22'21 = il —_ i2, 1‘1’12 + ZLoy1g = i2 _ il (6.3)

Generalizing the obtained expressions to the case of the transition 1 —- 2, the first
two Egs, (6.2) can be represented in the form

d (pyuy)/dt = gy + Ty (1 — Zysa1) — J1o (uy + 2y30) +
+ (Jo — Jy12) #1pAY
d (Poutn)/dt = —qg —J o1 (Ug + Z5.01) + J 12 (Uy — T,30) T (o1 — J 12) X2pAT
Ry F+ %=1, A0 = 1/p,° —1/p,) (6.4)

In this manner in the transition 2—> 1 the internal energy of the second phase
decreases by the quantity J,, (U, -+ Zg,91). The Jyy (¥y — T1,21) part of this energy
is transformed into the internal energy of the first phase, The remaining part pA¥ is
distributed among the phases (in proportion to %;) in the form of work of internal forces.
As a result the quantities 44 and Uyycan be written in the form

Uy = Up — Typp T %op A = 1y + 73,1, — %, pAY
Ugy == Uy + Tap — %2PAG = Uy — Z;,5) + %, pAY (6.5)

For further progress it is necessary to know which part of energy i, — i, is expended
or absorbed separately by the first and second phases in the transformation 2 — 1 (or
1 — 2) of some mass of the second (first) phase, i.e, it is necessary to specify the rela-
tionships for ¥1pand ug;(see (3.6)) or Iy,12and z, ,;. Following the development in

[12], we take Zi5 = bjs — I (6.6)
here the index § refers to the state of saturation
ljs = ij (P, T, (p)) (67)

and Tis the temperature for the equilibrium wansition 1 &5 2. Taking into account
(6. 3), it follows from (6. 6) that

Toer = by — by Tyjo1 = Iy — by Toy1p = Ig — lggy  Zy,1p = lgg — 1y (6.8)

Relationships (6. 6) or (6, 8) actually postulate the fact that in the transformation i — j
the ith component directly expends or absorbs the energy which is necessary at the ambi-
ent pressure in order to bring the mass which is undergoing transition to the state which
has the form of the jth phase under consitions of saturation, The remaining energy which
is necessary to take this mass from the saturated state to the existing state of the jth
phase is expended (absorbed) by the ;th phase itself,

The quantity ¢392 = — g1, whichdescribes the intensity of the heat transfer between
the components due to inequality in their temperatures, in many cases (when the radiant
heat transfer is insignificant) can be assumed to be proportional to the temperature dif-
ference between the phases quo = B (T, — T,) (6.9)

here f§ depends on the shape, the size of inclusions, the physical properties and the rela-
tive motion of the phases,
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7. The complete system of equations of motion for the dispersed
mixture, Further development of a concrete model of motion of a liquid or gas mix~
ture with foreign inclusions (Sect, 5) is tied to explicit determinations of the capacity of
internal forces for work in the unit mass of the ith phase A ;(see (3,7)). This capacity,
generally speaking, is represented in the form (summation over superscripts)

= 0kl 00l ° ofelp oicl
oy ey Pi d'P' ool o
4i="1—— = g T (7.0

i i

The second term gives the dissipated energy in the ith phase due to internal viscous
forces which arise because of gradients in the velocity field v; and also because of inter-
action with the other phase, Since the direct determination of the actual tensor of defor-
mation velocities is difficult in this case, it is appropriate to take advantage of some
assumptions which result from the analysis of the motion of inclusions in the supporting
flow of the medium and an analysis of (3. 6). For example

s Ds .0:° o P
pid; = %’% d&% + il (v — Vi) 4 Tl T (vii - Vi)t Tis vij TVz‘)2

Vl + VZ = 1 (7.2)

Coefficients v;, first introduced on the basis of formal considerations in [19], show the
fraction of kinetic energy of the mixture which can be dissipated as a result of interac~
tion between components and which transfers directly into the internal energy of the ith
phase,

We note in connection with this that components of the interphase force ry, (see (5.7)-
-(5.9)), the force connected with the effect of associated masses f,,, the Magnus force
fr,and also the Archimedean force lead directly to a transfer of a part of the kinetic
energy of macroscopic motion not into internal (thermal) energy phases, but into the
kinetic energy of small-scale (see note before (2.6)) flows within and near inclusions,
As we pointed out earlier, the latter energy is not taken into account in existing theories
of interpepetrating motion, In (7.2) fm, and €. enter as dissipative forces.

In many cases, where it is possible to neglect dislocation deformations of inclusions
(particles, drops, bubbles) with respect to the supporting phase, the following relationships

are valid: vy = 0, v; = 1, Vo = Vg = V, (7.3)
In this manner, taking into account (3, 7), (5. 1), (5. 2), (5. 5), (5. 6), (6. 8) and (7, 2), the

system of equations of two-phase motion (3, 2) for dispersed heterogeneous mixtures as
indicated in Sect, 5, takes the form

0;’11
al F eV =Jo — I
apg 0n .
T + v (02ve) = J1p — Jons 5tV (nvy) = ¥
div kK ;
1 :ltl = —oyp + v o =T+ T (vor — v1) — J12 (Viz — V1) -+ o, Fy
davs ! . . . L
Do~ = —%yp Fro — oy (vor — V) F T (Vie — Vo) + 0,F,
diu a1pd1p1° ) S 3 V1—‘V)2
1 “d’(""" O TR vifa (Vi — vy) T KoM Ty, (——2—2‘—1"‘—

{vig — z R , . .
—Jys 12_’111 4 Sy (s — 8) — J1z (s — &) — G2 — V1 -+ 010y
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dauy __ d2pdeps’

Vi3 — Vo)? _
P = pe® di

— 2
F volip (v — Vo) — Joy (21_2_\’2)_ + J”( 2

— Ja1 (s — &) + Jip (a5 — 1) - @12 + 020

P11 Ty) = pa (P, Ty) = p (7.4)
(@ + o =1,0," =01/, p2° = P/ %y, vy + v, = 1, a® = a, [ M)

Relatjonships (5,1)—(5.4) (or their generalizations) characterizing the physical-chemi-
cal properties of phases, relationships (or their generalizations) of the type (5, 7)—(5. 9),
(6. 9), and (7, 3) describing the interaction of phases, together with kinetic equations for
P, Jyy and J,, with specified external influences (F,, F,, Q,, Q,) close the system
of equations (7.4) in the region of continuous flow,

From (7. 4) we can obtain equations of momentum and energy of each phase in the
form (3, 2), but in a more explicit representation

0; %’— =it byt T (v — i) — T (Vi — i) s (7.5)

s .2 N . F:] ) ]
] (U‘i -+ 7—:,—) = yro;*fvi— p% by Vi (v — ) -
W) g5 — v+
2 ' 13 1

- 0: (Fivi + Q)

. k! —
Gl*kl—_: — dlpohl T T1k11 Sz*kl — & P5 ’ rl‘z* = - l'21* = il? + PV
(=12 i=])

This system corresponds to interpenetrating motion of two interacting continuous me-
dia in which the reduced tensors of surface forces g,** and g.**!, the work of these
forces, the reduced forces of interaction r;,* and other terms which describe the exchange
of mass, momentum, and energy have been formally determined.

Taking into account (7, 5) we can write in a more explicit form the integral equations
for the mixture (2, 5) and (2, 7) which are needed in the derivation of relationships on
the surface of the discontinuity

_Lv,',i‘l—v,-? T (i
+ i (b, — e ‘——‘—')—‘ i (s — &+

L)

a n
5 -7 (O1v1 T PeVe) dV = — S (Prvan" + PaVovy") dS -
Vv

5
+S(G1* +6,*") dS + S
S 14
S %[m(ul *%E){;')’ T Do <162 ‘r‘_>:|dV—' “Q[pl Uy + >

+Ps <l62 + '—) v n-‘ s + S (0,*7Vy 4 6,*7v,)dS — S (™ + g™ dS +
5
av

(P F1 + poFa) dV

v, +

+ \ oy (Fivy + Q1) + p2 (Fave - Q)1 dV
(31*“— - 1P(3 ‘!"'71, : 52*" = _a2p5’”) (7.6)

8, Conditions on the surfaces of discontinuity, In the flowofa
heterogeneous mixture, regions can arise (shock waves, wall layer, contact surfaces) in
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which the parameters of the medium change substantially over distances of the order of
dimensions of the inclusions or smaller (from the point of view of the continuous medium
these distances are equal to zero), In these regions the model of a continuous heteroge~
neous medium and the differential equations (3.2) or (7. 4), which are based on this model,
are meaningless, Therefore, as it is usually done, it is necessary to introduce into the ana-
lysis surfaces of discontinuities in flow parameters, On both sides of these surfaces the
equations of continuous motion are fulfilled, The basic conditions on the surface of dis-
continuity X are obtained, in a system of coordinates connected with this surface, pro-
ceeding from integral equations of Sect, 2, which are applied to a small cylindrical volume
at rest with respect to 2 and with bases parallel to £ located on opposite sides of it, In
this connection it will be assumed that processes of heat and mass transfer on these sur-
faces do not have time to occur, We omit the usual calculations for such cases [15], and
obtain from (2,1) and (7.6)

(1) = (o)™ = ju, (pera)' = (p222"') = 2
i vi] F e [val -F (0] + [0, |-=0 ®.1)
Jofin 4 Yeri2] 4 /o [we - Yoru?| 4 [UI"VII + [‘5;""2] g At =0
1= =)

lere the superscripts plus and minus refer to conditions on opposite sides of the surface
of discontinuity, The symbols n and t are the normal and tangential directions to the
surface X. In order to close system (8,1), i.e. to make it possible to determine all para-
meters of flow on one side of ¥ from parameters on the other side, it is necessary to use
data on physical-mechanical properties of phases and data on their mutual interactions
in the narrow regions of interest,

For heterogeneous systems indicated in Sect, 5, taking into account expressions (7, 6)
for reduced tensors a:.“, the expressions (8, 1) assume the following form if we neglect
effects of viscosity and thermal conductivity outside of the surface of discontinuity :

FleyT A ja I A el == 0, i le e [vg] == 0
julin -+ Vov?] A jo lia + Yavs] = 0 (8.2)

One of possible additional relationships was obtained in [20] through the examination of
the limit for a sequence of continuous solutions which tend to approach the discontinuous
one, As a result the following expression is valid instead of the third equation of (8, 2)

Julin A Var?] == 0, Jo lia 4= 1owg?] = 0 (8.3)

Together with equations of state of phases (5,4) and Eq, (5. 6) (equilibrium of phases
with respect to pressure) it is necessary to utilize relationships which characterize the
exchange of momentum between components in the jump, in order to close the system
of equations (8,2) and (8. 3). In [11] for the case of gas-incompressible particles mix-
ture, the following relations are used:

Ve o2l + [pl/ pe® =0, el = jade’] =0 (8.4)
Furthermore, a classification of discontinuities was made,

9, Thermodynamic analysis, Generation of entropy, Proceeding
from the assumption of additivity of the internal energy of the mixture with respect to
masses of components (Sect, 2) and the assumption of local equilibrium within the bound-
aries of a phase, we can introduce a function of specific internal energy for the mixture

ou (0,°, 02" Too Toy ) = 0quy (017 1) -+ 0atta (027, T) (9.1)
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and an analogous specific entropy of the mixture
ps(ps°s 0% Thy Ty @) = 0351 (01°5 To) -+ 082 (027 To) (9.2)

In this connection the introduction of the concept of temperature 7 for the mixture
in the case where 7) = 7, as it was done in [7, 8], is incorrect because in spite of local
equilibrium of each phase the mixture will not be locally in equilibrium, Therefore,
expressions of the type u« (p, T) and s {p, T) for heterogeneous mixtures where 71 == 7
are devoid of meaning. For example, it is iminediately evident that this leads either to
the neglect of some degrees of freedom of the behavior of the mixture, or it requires
[7] for I to be regarded as a functional which is determined by the history of the process,
We obtain the dissipation function for the medium described by Eqs,(7.4) or (7, 5),
i,e, the function which gives the generation of entropy of the mixture due to internal
processes for a fixed mass of the medium, We follow [21] and determine the substantive
derivative for any function (for example s) which is additive with respect to masses of
components, For the volume ¥ which was examined in Sect.2 we have

8 s ds .
(o ar = (S opras +(pSoar 9.3)
v S j=1 v

Here the last term gives the change in s which is not related to mass transfer, Chang-
ing over to the differential form and utilizing (9.2) and the equations of conservation
of mass of each phase (3,2), we obtain for the case m = 2

B dys das
0 —dd% == pl—wal—;l— - P2 "‘;—[2— - (le - J-zl) (32 - Sl) (9-4)

Actually (9, 3) or (9, 4) is the determination of the operator d / d¢ for any function
which is additive with respect to masses entering into the mixture of phases,

The condition of local equilibrium within the boundaries of each phase leads to the
Gibbs relationship (5. 5) for the mass of each phase, Taking into account (1.2) and (5,6)
this relationship can be presented in the form

piT d;s, d.u; o, p; d.p;

iTar T 0iTar T TR T 9.9
We note that the requirement of local equilibrium of phases imposes in addition to the
usual limitations an upper limit on the temperature difference of phases | 7y — T'5 |.
In this manner we have from (9,4),(9.5) and (7. 4) (9.6)

ds _ p reQe Vg Tley . L\ w)
b= Ty + T Vi + T +f12(\1_‘2)l\7{;+7’; +

— i i,, — {2

1 1 7 ils < (vﬂl _ vl)‘z
— —— — { — — ot r—v bt ——
P (m T1> F T s T T,

2T,

(Va1 — a2} ( fys = i1 fpg iz (viz — v1)? (viz — va)? }
— eV T (s — sy — + —
o T (s T, T, T T e

The quantity ds / dt can be represented in the form of a sum of two terms

dt — di d!

The first term determines the entropy increase of the mixture as a result of influx of
entropy from outside because of energy exchange with the external medium, The second
term {always positive) represents the entropy increase due to irreversible internal proces-
ses within the phase or between phases

ds _ d9s | dDs o
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Cd@s md |, o 4!
pg =" T,V {Er‘;} (9.8)
(%) . . .
p _%j‘ == G == JTXT +‘ JTAlXtAl + Jfo _%" Jqu '4" J'll‘Xﬂl "}" ‘II‘ZXI‘Z

The generation of entropy ¢ is as usual represented by the sum of products of thermo-
dynamic forces X

1) e ; 1 1
Xp=V{), X=X, —(vi—vy) | YL &),X:(._ww)
vV s X b ) = oy
,—0 iy 12 v 12
KXoy — 51 — s 13 e S va—vifF (v — o) 99
ret g . | ST @9
Xioo=sg—s1 0 2 10 e = (vp—wy)? + (Via — vo)?
7 ' T: 2T 2T
and thermodynamic fluxes
Jp=q, JM=1" Jp=the, Jg==q1 Jou, i (9.10)

In the presence of finite coupling between thermodynamic forces X and thermodynamic
fluxes J we can consider the quantity ¢ as a dissipation function of X or J. On the basis
of (9, 8)—(9.10) we can for example propose linear relationships between them, special
cases of which are (5.2), (5. 3), (8. 9) and in some cases the first equation of (5, 9).

We introduce the notation

Oy = (T1 — T/ Ts, B = (T2 — T}/ T ©.11)

In case of small deviations of phase temperatures 7, and 7, from the saturation tem-
perature 7.(p), i,e. when | 6:] <€ 1,| 62] <€ 1 the expressions for thermodynamic forces
X1z and X, connected with phase transformations simplify. In this case

i = g+ 1+ e Tsby, ir == dys + cp2TsB,
s1= 8 + L/ Ty =4 cpby, s2= $y5 + Cpafy (9.12)

here ! (p)is the heat of wransition 2 — 1, ¢p1and ¢, are heat capacities at constant
pressure of the first and second phases, Taking into account (9, 12), it follows from(9.9)

that: 78,  (yy—wvi)2 — va)? 0 viz— Vi)t (Viz — Va)?
B (var Vi) {va1 — Va) .y {viz o e 1
Koy = 7 3T, — 3T, L K= T, +- o7, ; T, 9.13
For the velocities of phase transitions we can present the following linear kinetic equa-
tions: Ja = ImXa (Xa>0), Jor =0 (X <<O)
Jra = LyyXie (X1 > 0), Jip = 0 (K12 <) (9.14)

{(La >0, 11220)

The following inequalities are always valid ;

le > O, Jl‘.} />, 0, ./’:\X._,_l ,>, 0, J12X12 > 0 (9.15\
We note that the kinetic equations which were utilized usually have the form [15, 22]
Jiy == S35 (8 [ Ts) (9.16)

i.e, they do not take into account dissipation effects due to velocity differences between
the phases, It follows from (9.13) in the case (7, 3) that with other conditions being equal
these effects accelerate the transfer to the high temperature medium and retard it to the
low temperature one,

In an analogous manner many available equations can be generalized to the case of
a mixture with more than two components (m > 2) (a particular case of such a gene~
ralization is given in [23]). The possible multiparameter character of phases (chemical
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reactions within the phase, electromagnetic effects, etc) can also be taken into account,

In conclusion we mention the monograph [24] just published which gives a detailed
survey of literature and a derivation for the fundamental equations of the mechanics of
mixtures for both the elastic and liquid phases without phase transitions,
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